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Recently, T. Collins! put forth a theory of beam can be easily obtained from

distortion and tune-shift due to sextupoles around the

accelerator ring. He obtained for the second-order

tune shifts the formulas vy = aAK/aJX and  Av = aAK/aJy. (3)
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where a and b are the envelopes of the horizontal and
vertical amplitudes at a reference point where the_
horizontal beta-function is Bg. In above,B;, B3, B,

Bs and Bp are called distortion functions which can be
computed easily at each location around the accelerator
ring. The formula for one of them is given by Eq. (7)
below. These B's are in fact lattice functions due to
the presence of sextupoles just as the beta-functions
are lattice functions due to the presence of quadru-
poles. The quantities s and s are normalized sextupole
strength (see Eq. {6) below) and the summations are
taken over each of the sextupoles.

In a contribution to the Conference on the Inter-
sections between Particle and Nuclear Physics at
Steamboat Springs, Ohnuma® also computed the second-
order tune-shifts due to sextupoles. His approach is
totally different. He expanded the sextupole strength
as harmonics around the ring and performed a canonical
transformation s0 as to solve the equations of motion
exactly up to first order in sextupole strength. The
rest of the Hamiltonian that gives rise to the second-
order tune-shift is
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Here, the summations are over the harmonic number m
from -» to +=, The A's and B's are the absolute values
of the Fourier coefficients or harmonics of the sextu-
poles, each of which is in turn a series summation
over the sextupoles, {see Eq.(4) below). A more
complete explanation of the symbols can be found in
Reference 2. From this Hamiltonian, the tune-shifts
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These formulas appear to be quite different from those
given by Collins in Eq. (1). The purpose of this note
is to show that they are in fact exactly the same.
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Let us consider the term % Ayp/(m-vy) in Chnuma's
Hamiltonian (2). The definition for this harmonic

~coefficient 1is
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where Ayp and ajp are real. The independent variable

is 8 = (distance along ring/average ring radius) which
represents the location of the kth sextupole of strength
Sk = (B"2/Bp)k. The quantity Qui = (¥y-vy8)y With pyk
denoting the horizontal Floquet phase of the sextu-
pole. From Eq. (3), we get
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The summation over m can be accomplished using the
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Noting that w_,2y_ .. when 8,20, ,, by combining the
above, we getXk< xk K="k
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Collins normalized the sextupole strength as
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Sk = —2- Sk(Bx/Bo)k and Sk = ’2_ Sk(BXBy/BO)k (6)

s0 that all the betas are absorbed. In Eq. (6), Sk is
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the same sextupole strength defined by Ohnuma. Note Substituting Egs. (8) - (12) into the>Hémi1tonian -2 -
also the factor of 3. One of Collin's distortion (2), we finally get
functions at location kais defined as
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b m_;m = -(90/72w) Z(BBS)k’ (9) Using the Hamiltonian equations of motion (3) and the
M=-c Yx k fact that the envelopes of the horizontal and vertical
amplitudes at the particular reference point are given
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